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Motion of a solid sphere in a general flow near a plane boundary at
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Abstract. It is demonstrated how the hydrodynamic force and moment of force acting on a solid sphere may be
calculated when it is placed at rest at an arbitrary position in a two dimensional flow at zero Reynolds number
in which the region of flow is bounded by either an undeformable planar free surface or by a plane solid wall.
The results so obtained are used to calculate the motion of a freely moving solid sphere in an asymmetric vortex
in the presence of an underformable free surface. It is seen that the sphere, depending on the direction of the
undisturbed flow, will either spiral into or out of the vortex. This implies that when a dilute suspension of such
spherical particles undergoes such a vortex motion in the presence of the free surface, the vortex will either fill up
with particles from the surrounding flow or become devoid of particles.

1. Introduction

Consider a solid sphere of a radius a translating with velocity V and rotating with angular
velocity §2 in an unbounded fluid of viscosity 1 undergoing a prescribed undisturbed fluid
flow (with velocity U(r) at position r) for which the Reynolds number is zero so that inertia
effects on the fluid flow are negligible. The hydrodynamic force F and moment of force G
(about the sphere’s centre) acting on the sphere are then given by Faxén'’s laws [1,2] as

F = 6mpa [Ulc — V] + uma® VU, (1.1a)
1
G = 87ua’ E(VxU)Ic—Q , (1.1b)

where |C denotes evaluation at the point occupied by the sphere’s centre.

Completely general results like (1.1) are, however, not known for flows which are bounded
by solid walls or free surfaces. Instead, if the sphere’s radius a is very much smaller than
the distance (L say) of the sphere from any of the boundaries, the method of reflections may
be used to obtain a solution as an expansion in the small parameter a/L. This has been done
for many situations in which the fluid is bounded by solid surfaces, with various authors
considering, for example, boundaries in the form of a single plane wall, a pair of parallel plane
walls, or an infinitely long circular cylinder (see Happel and Brenner [3], Chapter 7).

When the distance L of the sphere to the boundaries is of the same order of magnitude
as the sphere’s radius a, then relatively fewer problems have been solved. These involve
rather simple boundaries (such as a plane solid wall or a concentric solid spherical wall) with
the undisturbed fluid velocity U(r) taking on a particularly simple form. Thus O’Neill [4],
Goldman et al. [5] and Brenner [6], using spherical bipolar coordinates, obtained solutions for
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a purely translating solid sphere (§2 = 0 ) in a quiescent fluid (U= 0 ) bounded by a solid plane
wall for arbitrary distances between the sphere and the wall. Also, using the same method,
solutions for a purely rotating solid sphere (V = 0 ) in a quiescent fluid (U= 0 ) bounded by a
plane solid wall have been obtained by Jeffery [7], and Dean & O’Neill [8], whilst Goldman et
al. [9] obtained the solution for a sphere at rest (V =2 =0 ) in a planar shear flow bounded by
a solid wall. Results for similar problems involving a solid sphere moving in a fluid bounded
by an undeformable free surface may be obtained, by making use of symmetry, from the
two-sphere problems considered by Goldman et al. [10] (see also §4.2 of present paper).

The above results are extended in the present paper in which the hydrodynamic force and
moment of force on a solid sphere placed at rest at a general position in a fluid flow are obtained
for zero Reynolds number when the fluid is bounded by either an undeformable planar free
surface or a planar solid surface and is undergoing a prescribed two dimensional undisturbed
flow of general polynomial form (with degree <10).Thus, in §2, the general theory is given for
obtaining the force and moment of force on the sphere whilst in §3 all the various polynomial
two dimensional undisturbed flows are listed for both flows bounded by an undeformable free
surface and bounded by a solid surface. Then, in §4, the general theory given in §2 is applied
to all the various undisturbed flows listed in §3.

The results obtained in §4 are then applied in §5 to a particular example in which the fluid,
bounded by an undeformable free surface, undergoes a two dimensional undisturbed flow
which is in the form of a bounded vortex neighbouring the surface. The motion of a freely
moving sphere (i.e. one for which there is no external force or moment of force about its
centre acting on it) in the vortex flow is thus obtained. It is shown that the sphere moves into
the vortex and spirals towards the vortex centre, ending up close to the zero velocity point of
the vortex. In this process the path of the sphere centre is not along a streamline but migrates
steadily from one streamline to another. It is also noted in §6 that by considering the same
undisturbed flow, but with the velocity reversed everywhere, a sphere initially in the vortex
spirals outwards and finally leaves the vortex. This means that for a dilute suspension of such
spherical particles undergoing such flows, the spheres either concentrate in or leave the vortex
(depending on the direction of the undisturbed flow).

This behaviour of particles migrating across streamlines and particles in a dilute suspension
tending to become more (or less) concentrated in certain regions of the flow is well known to
occur at non-zero Reynolds number as a result of the effects of fluid inertia. However, it is not
so well known that similar effects can occur at zero Reynolds number purely as a result of the
effect of boundaries. At non-zero Reynolds number, for example, a freely moving small sphere
in Poiseuille flow along either a circular cylinder or between parallel solid walls will move
across streamlines to a position approximately half way between the centre and the wall [11,
12, 13, 14, 15, 16], resulting in particles in a dilute suspension becoming more concentrated
at such a position, a phenomenon known as the ‘tubular pinch’ effect. However, at zero
Reynolds number, while similar effects do not occur for the relatively simple flows previously
studied (such as Poiseuille flow or shear flow), they can occur for more complicated flows
with boundaries present (such as the vortex flow considered here in §5). This phenomenon
of particles moving across streamlines and, in a suspension, tending to concentrate (or move
out of) certain regions of the flow is, at zero Reynolds number, an effect of the boundaries
present. If fact, it is shown in §6 that for an unbounded flow (for which Faxén’s laws (1.1)
apply), a dilute suspension of particles has no tendency for the concentration to increase (or
decrease) in any region of the flow, although locally individual particles can move across
streamlines.
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Fig. 1. Solid sphere placed in a flowing fluid occupying the half-space r; > 0 and bounded by either an undeformable
-free surface or a solid surface at r; = 0. ~

2. Force and torque on a solid sphere

Consider a fluid of viscosity 2 occupying the half-space r; > 0 with (r1, r;, r3) being a fixed
set of Cartesian coordinates. This fluid is assumed to be undergoing a prescribed flow at zero
Reynolds number with velocity U, pressure P and stress tensor ;5 so that for r; > 0

Lij; =0, 2.1)

Uii =0, (2.2)
where the stress tensor ¥;; is

Eij = —Pbij + p(Us ; + Ujs). (2.3)

Into this flow a solid sphere of radius a is placed at rest (with no rotation or translation) with
its centre at position (h,0,0) where & > a [see Fig. 1]. We will demonstrate in this section
how the force and torque on this sphere may be calculated. With the sphere present we take the
velocity to be u, pressure to be p, and stress tensor to be g;;, so that the disturbance velocity
and pressure produced by the presence of the sphere is (u — U) and (p — P) respectively. Then,
like the undisturbed flow (U, P), the flow (u, p) with the sphere present must satisfy

0ijj =0, (2.9)
u;; =0, 2.5
where
oij = —pbij + w(uij + ujs)- (2.6)

The no slip boundary condition then requires that on the sphere surface §

u; =0, 2.7
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whilst, since the disturbance flow must tend to zero at infinity,
u; ~U; asr— oo, 2.8)

where r = /7;7; is the distance from the origin O of coordinates. For the planar boundary
r1 = 0 of the fluid region we will consider two situations, the first being that in which r| =
0 is an undeformable free surface (discussed in sub-section 2.1) and the second being that in
which the fluid is bounded by a stationary plane solid wall at r; = 0 (discussed in sub-section
2.2). The former situation of an undeformable free surface would occur with a liquid bounded
by an interface (at r; = 0) with infinitely large surface tension, there being either no fluid or
a fluid of negligible viscosity in the region r; < 0. At such a boundary one would have zero
normal velocity and zero tangential stress, so that for the flow (U, P) one must have

U1 =0 221 = 231 =0 on T = 0 (29)
and for the flow (u, p)
=0 o0 =031=0 onr =0. (2.10)

For the situation in which the fluid is bounded by a stationary plane solid wall at | = 0, the
fluid velocity must be zero there so that for the flow (U, P) one must have

Uy=U,=U3=0 onr =0 2.11)
and for the flow (u, p)

uyy=uw=u3=0 onr =0. (2.12)

2.1. FREESURFACEAT r; =0

Consider a fluid bounded by an undeformable free surface at r; = 0 so that the undisturbed
flow (U, P) satisfies (2.1)—(2.3) in the region 7| > 0 with boundary conditions (2.9) on r; = 0
whilst the flow (u, p) with the sphere present satisfies (2.4)—~(2.6) in the region r; > 0 with
boundary conditions (2.10) on 7| = 0.

We define Fupix as the ith component of the zero Reynolds number velocity field produced
by the sphere (of radius a with center at (h,0,0)) translating in the k-direction with unit
velocity in an otherwise quiescent fluid bounded by the undeformable free surface at r
= 0. The corresponding pressure field is defined as Fpp; whilst the ij-component of the
corresponding stress tensor is defined as oTijk- Then in the fluid region we have the flow

(Pury, Fpry satisfying
Tori; =0, 2.13)
FuTik,i =0, 2.14)
where
forige = ="prudiy + w("urin; + "urin), 2.15)

with the boundary condition on the sphere surface S of
Furie = 6ix, (2.16)
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Fig. 2. Definition of the fluid volume V bounded by the hemispherical surface Sgr of radius R, the boundary W at
r1 = 0 and the surface S of the sphere.

with §;;, being the Kronecker delta), the boundary condition on the undeformable free surface
Watry =0of

Furie =0, Forauw = Fori =0, (2.17)
whilst at large distances we must have
FuT,'/c -0 asr — o0. (2.18)

Since (u;, p) and (F uTik,F prk) are both zero Reynolds number (creeping) flows within the
region r; > 0 exterior to the sphere surface S, we apply the Lorentz [17] reciprocal theorem to
these flows for the fluid volume V contained within a large sphere, Sg of radius R(R >> h)
with centre at the origin O [see Fig. 2]. We thus obtain

/s+s +W(UiF0'Tijk - FuTikaij)nj ds = 0, (2.19)
R

where n; is the unit normal vector directed out of V and dS is an element of surface area.
This surface integral in (2.19) is taken over the surfaces S, Sg and the part of W that form
the boundary of the volume V. From the boundary conditions (2.10) and (2.17), it is seen that
the integral over W in (2.19) is identically zero whilst from the boundary conditions (2.7)
and (2.16) it is seen that the integral over the sphere surface S is equal to the force F}, on the
sphere due to the flow field (u, p). Thus

F, = /S (F’U,Tikaij - uiFaTijk)nj ds. (2.20)
R

It is assumed that the given flow field (U, P) is not singular at the origin O on the boundary or
anywhere else in the fluid region 7; > 0 so that U ( and P) may be expanded as a Taylor series
in the coordinates 71,72, 73. A general term in this expansion for U will be homogeneous in
™ where n is some positive integer (or zero). Since the problem of solving for the force and
torque on the solid sphere placed in this flow is linear, we need only consider an undisturbed
flow in which U is proportional to 1" (where n is a positive integer) so that the corresponding
pressure P and stress tensor X;; are proportional to 7™~ !, The asymptotic forms of u; and Oij
for r — oo must then be

u; = U;( of order ™ ) + ( terms of order r=!,772. ), 2.21)
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0i; = Si;( of order r*~!) 4 ( terms of order 72,773 ...). (2.22)

Also, the asymptotic forms of Furq and Foryy for 1 — oo must likewise be

FuT,-;c = terms of order 1‘"1,1~"2 e (2.23)
FO’T-,jjk = terms of order r‘z, r3. 2.24)

In deriving the asymptotic forms (2.21)—(2.24) it has been noted that the disturbance velocities
(u; — U; or Fup;) produced by the sphere as 7 — oo be the ﬂows produced by a point force,
a point force doublet, etc. and so contain terms of order r—1,72, ..

By substituting the asymptotic forms (2.21)—(2.24) for r — oo 1nto the integral in (2.20),
we see that by equating terms of order R® in (2.20) in the limit R — oo , we obtain the
hydrodynamic force F on the sphere as

F
Fy = /s (—n—i)UTikBij —(-n-1)  oTi;kUi)n;dS, (2.25)
R
where (_,_ )F ur;k is the term homogeneous in 7 ~™~! in the asymptotic expansion of Furp;, for
T — oo and where (_,,_; )¥o 7k is the corresponding stress tensor (and hence is homogeneous
in r="~1 as r — 00) which is given by

(en=1) 0Tijk = —_(n1)"PTR6i; + 1 ((—n—l)FuTik,j +(-n-1) FuTjk,i) ; (2.26)
where (_n_l)F prk is the corresponding pressure, being the term homogeneous in r~"~2 in
the asymptotic expansion of the pressure Fpry, for the limit r — oo.

In order to determine the moment of force G on the stationary solid sphere S about its
centre (C say) due to the flow (u, p) we define Fu ik as the ith component of the velocity fluid
(for zero Reynolds number flow) for the flow produced by the sphere rotating wth its centre C
at rest with unit angular velocity directed in the positive k-direction in an otherwise quiescent
fluid bounded by the undeformable free surface at r; = 0. If the corresponding pressure field
is defined as fp Rk and stress tensor field as fo Rijk, then in the fluid region 7; > 0 we have
the flow ( URk, p Rk) satisfying

FURijk,j =0, 2.27)
Fupies =0, (2.28)

where
Forijk = —Tprebij + ( URik,j + unjkz) (2.29)

with boundary condition on the sphere surface S of
Fupix = eixjt, (2.30)

where €;;; is the alternating tensor and F is the position vector relative to the centre C of the
sphere (see Fig. 1). On the undeformable free surface W at r| = 0, the boundary condition
is

Furik =0 Foraie = Fosie =0, (2.31)
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whilst at large distances,
Fupix =0 ast — oo (2.32)

By applying the Lorentz {17] reciprocal theorem to the flows (u;, p) and (Fugix, Fpri) we
obtain in a manner similar to that for (2.19)

/ (Uz’FO'Rik - FuRiko'ij> n;dS = 0. (2.33)
S+Sp+W

Again the integral over W is identically zero whilst that over the sphere surface S is, by (2.7)
and (2.30), equal to the moment of force GG, on the sphere about its centre C due to the flow
field (u, p).Thus

Gk = ,/5 (FuRikO','j - u,-FaRijk) n; ds. (2.34)
R

Proceeding as before, if U, is again proportional to r™ (where n, is a positive integer), we
obtain the moment of force G on the sphere about its centre C by equating terms of order R®
in the asymptotic form of (2.34) for R — o0 as

Gk =/5 ((—n—l)FuRikEij ~(-n-1) FURiiji) n; dS, (2.35)
R

where (_n_l)F URik is the term homogeneous in r~"= ! in the asymptotic expansion of Fupik
for r — oo and where (_n_l)F O Rik is the corresponding stress tensor (homogeneous in r""2)

given by
(=n—1) O Rijk = —(=n—1)'PRESi; + 1 ((——n—l)FuRikj +(—n-1) FuRjk,i) (2.36)

with (“n_l)F prr being the corresponding pressure and hence is the term homogeneous in
r~"=2 in the asymptotic expansion of the pressure “pgy. for the limit r — co.

2.2. SURFACEATT; =0

We consider now a fluid bounded by a solid wall at r; = 0 (i.e. at the surface W) so that the
undisturbed flow (U, P) again satisfies (2.1)-(2.3) in the region 7y > 0 but with boundary
conditions (2.11) on r; =0 whilst the flow (u, p) again satisfies (2.4)-(2.6) in the region r; > 0
but with boundary conditions (2.12) on r; = 0.

We proceed as in the previous sub-section and define Sur; in a manner similar to Fur;;, as
the ith component of the velocity field (for zero Reynolds number) for the sphere translating
with unit velocity in the k-direction in an otherwise quiescent fluid but bounded by a solid
wall at 7; = 0, so that Sup;; satisfies equations like (2.13)—(2.15) with boundary conditions
like (2.16) and (2.18) but with boundary condition (2.17) on r; = 0 replaced by

Surik = Surak = Sursk = 0. (2.37)

Likewise we also define “u g;, in a manner similar to “u Rik as the ith component of the velocity
field (at zero Reynolds number) for a sphere rotating without translation about its centre C
with unit angular velocity directed in the positive k-direction in an otherwise quiescent fluid
but bounded by a solid wall at r; = 0, so that Sug;; satisfies equations like (2.27)-(2.29)
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with boundary conditions like (2.30) and (2.32) but with boundary condition (2.31) onr; =0
replaced by

Surie = Supok = Supse = 0. (2.38)

With Surik and Supgik replacing Furie and Fugie respectively in the previous sub-section
we obtain the force F and moment of force G (about the sphere centre C) acting on the sphere
placed at rest in the flow (U, P) bounded by a plane solid wall at r; = 0 as (see (2.25) and
(2.35)

F =/ ((_n_l)SuTiinj —(=n—1) SUTiiji) njdsS, (2.39)
Sh

Gr = / ((—n—l)SURikEij —(-n—1) SURiiji) n; ds, (2.40)
Sk

where (_n_l)SuTik and (_n_l)su ik are the terms homogeneous in #~"~! in the asymptotic
expansions of Surik and Supqk respectively for r — oo, with (_n_l)SaTijk and (_n_l)sa Rijk

being the corresponding stress tensors.

3. The undisturbed flow field (U, P)

For simplicity we will consider only given undisturbed flows (U, P) which are two dimensional
(in the ry, rp plane say) with U= (U}, Us, 0) in which U, U; and P are functions only of the
coordinates r; and r,. The velocity field U, since it satisfies the continuity Eq. (2.2), may then
be expressed in terms of a streamfunction ¢ with

U= — Uy=——. .
! 87‘2 2 87‘1 (3 1)
The Egs. (2.1) and (2.3) for U then show that 1 satisfies the biharmonic equation in the r{, r»
plane, i.e.
V4 =0. (3.2)

If we use plane polar coordinates p, 8 in the 7, 75 plane as defined in Fig. 3, then (3.1) may
be written as

10y oy
= ~an» 8= — 3
p 00 Op
where U, and Uy are respectively the p and & components of U. The biharmonic Eq. (3.2)
then yields

# 18 18\
(a_p§+;5,3+ﬁw> b =0. (3.4)

(3.3)

If we take 1) to be proportional to p”V (where N is a positive integer), the corresponding
velocity U is then proportional to 7V ~! so that in the previous section the integer n, which
was used is n = N — 1. The solution of (3.4) with 1 of such a form may readily be shown to
be.

¥ = p"¥(a; sin N8 + a3 cos N8 + a3 sin(N — 2)8 + a4 cos(N — 2)8). (3.5)
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Fig. 3. Plane polar coordinates (p, 8) used to define the two dimensional undisturbed flow.

where ay,a,,a3 and a4 are constants. The pressure field P corresponding to this flow may
readily be shown to be given by

-IE =4(N —1)p" 2 (azcos(N —2)0 — agsin(N —2)6). (3.6)

In the following two subsections we consider separately the undisturbed flow field deter-
mined by (3.5) and (3.6) for the situations of an undeformed free surface and of a solid surface
atr; =0,

3.1. FREE SURFACE

For an undeformable free surface at r; = 0, the boundary conditions (2.9), when expressed in
terms of the stream function 1, reduce to

b =0 onboth9=—gand0=+g, 3.7
2
%‘% =0 onbothf = —% and § = +§. (3.8)

Substituting the value of 1 given by (3.5) in these boundary conditions and solving, we
see that the independent solutions so obtained fall into two classes; namely those for which
1 1s an odd function of # and those for which 1 is an even function of 6. In the former class,
which we will refer to as being ‘symmetric’ flows, we have

¥ = p"sinN@ where N =2,4,6... (3.9a)
¥ = p" sin(N — 2)6 where N = 4,6,8... (3.9b)
and in the latter class, which we will refer to as ‘antisymmetric’ flows,

¥ = p" cos N where N = 3,5,7... (3.10a)

¥ = pV cos(N —2)0 where N =3,5,7... (3.10b)
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Table 1. Values of Uy, Uz, and P/p in Cartesian coordinates for the ‘symmetric’ flows (3.9a,
b) bounded by a free surface at r; = 0.

Y Ui U, Plu
p*sin28 2ry —2r; 0
p*sin48 4ry(r? - 3r2) 4ry(=3r2 +13) 0
p*sin26 2ry(r} + 3r3) 2ry(=3rt — 1d) 12(r} — 1r3)
pSsin6d  6ri(rf — 10rir; +5r3)  6ra(=5rf + 10rir? — rf) 0
p®sin46 ary(rf - 5r3) 4ry (=51t +13) 20(rf — 6rir + 1)

Table 2. Values of Uy, Uz, and P/ in Cartesian coordinates for the ‘antisymmet-
ric’ flows (3.10a, b) bounded by a free surface at ry = 0.

4 Ui U, Plu
P cos 30 —6r 712 3(—ri+1r3) 0
p*cosf 2rir2 ~3r} —p2 —8r2
picos50  20riry(—ri+73)  S(—rf +6rir: —r3) 0

picos30  4rira(—ri—=3r2)  =5ri4+6rirl 4+ 3rf  16r2(=3r7 +12)

the uniform flow given by 1 = pcos 6 having been omitted (since it is the same problem as
that of the translating sphere in a quiescent fluid).

When the solid sphere is placed into each of these flows, it is observed that, by symmetry,
for the flows (3.9a,b), the force F on the sphere is normal to the surface, whilst the moment
of force G is zero, and for the flows (3.10a,b) the force F is parallel to the surface (in the
2-direction) whilst the torque G is also parallel to the surface (in the 3- direction). Thus for
the ‘symmetric’ flows (3.9a,b)

F = (F1,0,0) G=0 (3.11)
and for the ‘antisymmetric’ flows (3.10a,b)
F = (0, F,0) G = (0,0,G3). (3.12)

The values of the undisturbed velocity U = (Uy, Us, 0) and pressure P in Cartesian coordinates
(obtained using (3.1) and (3.6)) are listed in Table 1 for the flows (3.9 a,b) [up to N = 6] and
in Table 2 for the flows (3. 10a,b) [up to N =5].

3.2. SOLID SURFACE

For a solid surface at r; = 0, the boundary conditions (2.11), when expressed in terms of the
streamfunction %), reduce to

% =0 onbothe:—-’zE and9=+g, (3.13)
9% _6 onbothf=-"andd=+". (.14)

00 2 2
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Table 3. Values of Uy, U, and P/ in Cartesian coordinates for the ‘symmetric’ flows (3.15a, b)
bounded by a free surface at r{ = 0.

P U U, P/u
p*(sin30 + sin ) 4r? —8ri7m2 8r
p*(25in46 + 45in26) 1673 —48rir, 48(r? —rd)
p’(sin 56 + sin 39) 8ri(ri —3r3)  16rra(=2r] +13) 167, (r} — 3r2)

p%(4sin60 + 6sind9)  48r}(rl — 5r3)  240riry(—ri +13) 120(r} — 6rir} +13)

Substituting the value of ¢ given by (3.5) in these boundary conditions and solving, we
again obtain independent solutions for which v is an odd function of 6 giving the ‘symmetric’
flows

P = pN(sin N0 + sin(N — 2)8) where N = 3,5,7..... (3.15a)
¥ =pN((N —-2)sinN@ + Nsin(N —2)§) where N =4,6,8... (3.15b)

and independent solutions for which v is an even function of 0, giving the ‘antisymmetric’
flows

P = pN(cos N8 + cos(N — 2)6) where N =2,4,6... (3.16a)
Y = pN(N —2)cosNO 4+ Ncos(N —2)0) where N =3,5,7.... (3.16b)

When the solid sphere is placed into each of these flows, it is again observed that, by
symmetry, the force F and moment of force G on the sphere are of the forms

F = (F,0,0) G=0 (3.17)
for the ‘symmetric’ flows (3.15a,b), and of the form
F = (0,F,0), G=(0,0,G3) (3.18)

for the ‘antisymmetric’ flows (3.16a,b).

The values of the undisturbed velocity U = (Uj, U,, 0) and pressure P for each of the flows
(3.15a,b) [up to N = 6] are listed in Table 3 and for each of the flows (3.16 a,b) [up to N = 5]
are listed in Table 4.

4. Forces acting on sphere placed in the flow (U, P)

Into each of the undisturbed flows given by (3.9a,b) and (3.10a,b), bounded by an undeformable
free surface at r; = 0, we assume we place at rest a solid sphere of radius a with centre C
at position (h, 0,0).The force F and the moment of force G (about C) acting on the sphere
are then calculated using the results (2.25) and (2.35) with n replaced by N — 1. In order to
perform this calculation we use values of Fup;;, and Fup;, which are already known (see,
for example, Brenner [6]) from the solution of the creeping flow equations (2.13)—(2.15)
[or (2.27)~2.29)] with the boundary conditions (2.16)—(2.18) [or (2.30)—(2.32)] obtained by
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Table 4. Values of Uy, Uz, and P/ in Cartesian coordinates for the ‘antisymmetric’
flows (3.16a, b) bounded by a free surface at v, = 0.

Y U Uz Plu
p*(cos20 + 1) 0 —4r) 0
£*(cos 36 + 3 cos 6) 0 —1272 —24ry
p*(cos 46 + cos 20) ~12r2ry  dr (=27} 4 3r3) —24r17m,

p’(3cos50 + 5cos36) —80rimy  40ri(—r} +3r3)  80ry(=3r} + rd)

§ = constant

1 = constant

KE’;,O

Fig. 4. The spherical bipolar coordinates ( £, 7, ¢) are obtained by rotating the planar bipolar coordinates (£, 7)
shown about the ry-axis.

the boundary conditions (2.16)—(2.18) [or (2.30)-(2.32)] obtained by using spherical bipolar
coordinates (§, 7, ¢) defined in terms of the Cartesian coordinates (r, r7, r3) by

csinh ¢ > 2 csing T3
- esime —__omn__ B_iang, 4.1ab,
m cosh{ — cosn’ Tt cosh¢ —cosm ) né (4.1ab.c)

so that the surfaces of the sphere and of the planar boundary r; = 0 are respectively ¢ = «
and ¢ = 0 [see Fig. 4]. The values of the constants ¢ and o expressed in terms of a and A are
then

c=asinha = Vh2 — a2, (4.2a)

a = cosh™! (%) = log (% + (%)2 - 1) : (4.2b)

By calculating the asymptotic expansions of Furie and Fugy for r — oo (i.e. for
& — 0,7 — 0), the values of (__N)F upik and (_N)F ug;x may be obtained. From these

the corresponding stress fields (- N)F oTijk and (_ N)F O Rijx are determined. These are then
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substituted respectively into (2.25) and (2.35) and the integrals evaluated algebraically to
obtain the force F = (£, 0, 0) [with G = 0 ] for the ‘symmetric’ flows (3.9a,b) and the force
F = (0, 3, 0) and moment of force G = (0, 0, G3) for the ‘antisymmetric’ flows (3.10a,b).

This calculation, although straightforward, is long and tedious even for undisturbed flows
with streamfunction v for which N is small. In fact, to do the calculation by hand for larger
values of N is completely out of the question. The calculation was therefore performed on a
computer using the symbolic manipulation language MACSYMA for all the flows (3.9) and
(3.10) for which N < 10.

In a similar manner the force F and moment of force G (about C) on a sphere placed at rest
in each of the flows (3.15a,b) and (3.16a,b) bounded by a solid wall at r; = 0 may be calculated
using (2.39) and (2.40) in which (_) %urik, (~n) URik, (—n) Tijk and (_n)y 0 Rijk are obtained
from the known values [4,6,8,18] of Supik and Su gk given in terms of the spherical bipolar
coordinates (¢, 77, ¢). This calculation was again performed for all flows (3.15) and (3.16) with
N < 10 using MACSYMA.

In the following sub-sections the results of these calculations are given. The force F and
moment of force G acting on the sphere in the ‘symmetric’ flow (3.9a,b) and ‘antisymmetric’
flow (3.10a,b) for an undeformable free surface at r; = 0 are given in sub-sections 4.1
and 4.2 respectively whilst the equivalent results for the ‘symmetric’ flow (3.15a,b) and
‘antisymmetric’ flow (3.16a,b) bounded by a solid wall at r; = 0 are given in sub-sections 4.3
and 4.4.

4.1. ‘SYMMETRIC’ FLOW BOUNDED BY A FREE SURFACE

We consider undisturbed ‘symmetric’ flows (3.9a,b) bounded by an undeformable free surface
at r; = 0 with a general (dimensional) strength § so that 1 is now

P = Sp" sin N§ (N =2,4,6...) (4.3a)
or
p=25p"sin(N -2 (N=4,628...). (4.3b)

If F = (F}, 0, 0) is the dimensional force on the sphere placed at rest in such flows, we define
the dimensionless force F* = (F}, 0, 0) as

. F

= GrpaVs (44)

Then by making use of the value of “uz;; given by Brenner [6], the calculation described
above using MACSYMA gives the value of F}* for both of the flow types (4.3a) and (4.3b)
as

Fr = +g sinh¥ 2oy { (s - %) (5K)bs + <s + %) (sz)ds} , (4.5)
s=1

where « is given by (4.2b), and b, and d; are

_s(s+1)sinh’ e

b= V2(2s - 1)

(4.6a)

2(1 + e~ @sthey 1 (25 + 1)(e2* — 1)
2sinh(25 + 1)a — (25 + 1) sinh2a |’
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Table 5. Values of L, ag,a; ... in (4.7) for . K, and 4 K, (see 4.5)) for the flows (4.3a) with N < 10. In the
second column b and d indicate whether the values are for , K, or 4 K,.

N bK, L ap ay az as a4 as ag ay as
or 4K,

-1

[3%)
o
oo oo

d -1
4 b B -9 +1 -7
d ¥ -17 ~15 ~7
6 b & -135 426 188 +4 -22
d . =375 -502  -332 -92 -2
8 b g -315 481 -601  +23  -129  +1 -5
d & -1155 -1903 -1529 649 209 31 -5
10 b g3 —42525 +13212 —100152 45252 29942 +428 2168 +8 38
d S5 —193725 —364548 —333592 —175068 —67542 —15732 —3288 —312 -38

31185

2(1 + e~ (Ze+he) 4 (25 + 1)(1 — e72%)

_ . s(s+1)sinh’
2sinh(2s + 1)a — (25 + 1) sinh 2

= V2(2s +3)

which are (apart from a factor of a?) quantities appearing in the value of Fuz;; given by
Brenner [6]. The quantities , K; and 4K, appearing in (4.5) are polynomials of degree (N —
2) in s and are of the form

:Ilé =L (ao +as+...+ aN_zsN_z) 4.7)
where L is a rational number and ag, a;...ay—; are integers whose values depend on N and
on whether the flow is of the type given by (4.3a) or (4.3b). These values of L, ag, a;. .. for
both K and 4K, for N < 10 are listed in Table 5 for flows given by (4.3a) and in Table 6 for
flows given by (4.3b).

Thus for the flows (4.3a,b) with N < 10 one may, to any desired accuracy, calculate
numerically the dimensionless force F}* on the sphere as a function of #/a using (4.5). This
has been done, and in order to illustrate the results so obtained it is convenient to define a new
dimensionless force F; and a dimensionless gap distance h* (0 < h* < o) between sphere

and plane r; =0 as

(4.6b)

’

—x F

Fi= gt (4.8)

prtzo (4.9)
[a%

with Ug; = being the ith component of the undisturbed velocity Uc evaluated at the sphere
centre C. With these definitions we have F; — 1 as h* — oo since the effect of the boundary
at r; = 0 would then become negligible. It may be readily shown that

e Fy F?
= = .1
Fy N1 +h)N-1 " NcoshV'a (4-102)
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Table 6. Values of L, ag,a; ... in (4.7) for , K, and 4 K, (see 4.5)) for the flows (4.3b) with N < 10. In the second
column b and d indicate whether the values are for , K, or ¢ K.

N LK, L ag a a; a3 a4 as as a7 ag
or dK,
4 b = +3 -17 -1
d = +19 +15 ~1
6 b = +45 ~284 +2 ~76 -2
d 3 +405 4508 +218 +68 -2
8 b s 315 2151 4115 -1037 -9 -67 -1
d 55 13675 45785 43827  +1651 4311 461 -1
10 b ghx 14175 102942 +9162  —68242 4352 8158 62 —208 -2
d s F203175 4369258 +300962 +157158 +47352 +12042 +1338 +192 -2
8
7..
6_
51 N = 10(rot)
—— N=8(rot)
r:;' 4 N =8 (rot)

N =4 (rot)

2 ~N=2(m)
N =4 (irr
1 -
8 (irr) -8 (irr) 10 (irr)
0 T T T T L3 T hl T T T L T T T
0 1.0 20 3.0

h-

Fig. 5. Force F'| as a function of A* for ‘symmetric’ flows bounded by a free surface at »; = 0, The values of N
are indicated with(irr) and (rof) referring to whether the flow is irrotational (given by(4.3a)) or rotational (given
by (4.3b)).

for the flows (4.3a), and
— F* F*
Fl= 1 1 (4.10b)

(N=2)(1+F)FT " (N =2)cosh™ ' a

for the flows (4.3b), so that FI known once F}' has been calculated.

The results for the dimensionless force F acting on the sphere as a function of h* have
been plotted in Fig. 5 for all the flows (4.3a) and (4.3b) with N < 10.

Finally, it should be noted from Brenner [6] that for the sphere translating (but not rotating)
with velocity U in the 1-direction in a quiescent fluid bounded by the free surface, the
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dim@sionless force F: on the sphere in the 1-direction (made dimensionless by 67ruaf] SO
that FT — —lash* - 0)is
— V2 o
F = .
'™ 3sinho 2 (b +do) (@11)

s=1

4.2. ‘ANTISYMMETRIC’ FLOW BOUNDED BY A FREE SURFACE

Consider the undisturbed ‘antisymmetric’ flows (3.10 a,b) bounded by an undeformable free
surface at r; =0 with a general strength S so that 9 is now

¥ = SpN cos N8 (N =3,57...) (4.12a)
and
¥ =8pNcos(N -2 (N=3,57...). (4.12b)

For a sphere placed at rest in such flows (with centre on the r-axis) the dimensional force F
= (0, F3, 0) and moment of force G = (0, 0, G3) about the sphere centre C may be expressed
in terms of a dimensionless force F = (0, F3, 0) and moment of force G* = (0, 0, G3) by

_ F . G
" 6mpaNS’ " 8wuaNtLS’

The calculated flows obtained by Goldman et al. [10] for a pair of equal sized spheres
translating or rotating in a symmetric manner in a quiescent fluid may be used for the present
problem to obtain Fury; and Fu p;3 for a single sphere translating or rotating in a fluid bounded
by an undeformable free surface, since on the plane of symmetry for the two-sphere problem
the free surface boundary condition is automatically satisfied. From these we calculate, using
MACSYMA, in the manner described above, the values of F' and G7 for both of the flow
types (4.12a) and (4.12b) as

*

(4.13)

Fy = +g sinhV o Z{s(aKs)Tas +s(s+ 1)(bK3)Tbs

s=0
+ (sz)Tds + S(S - 1)(st)Tfs}7 (4.14)
G} = +¥ sinhV ' o S {s(aKs)Ras + s(s + 1) (oK) Bb, + (aK:) Rds
s=0
+3(s = 1)(s KB fs}, (4.15)

where a is again given by (4.2b). In (4.14) the values of Tas, Tv,, Td,, and If, are quantities
appearing in the value of Furs» determined by Goldman et al. [10] with Ty, as being determine

by the infinite set of equations

(s = Do) = S0 - 1) Ty
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s(2s—1) (s+1)(2s+3) IPNES
+ [(2S+1)—57s—m—1)-(7—1 +1)+-—('2‘s—+—1—)——(73—1 1)} as
[(—S—i(izs)—(_—i%;tﬂ(% + 1) = (s +2)(Ysq1 + | Tasp
. —(s %)a e” _ 2 e e
= V2T [cosh(s - Ha  cosh(s + 1)e * cosh(s + %)a (s<1) (416)

for Tay, Ta, ... in which v, is
1
vs = cotha tanh(s + i)a. 4.17)

Th,, Td, and If, are then given in terms of Ta, by

%= [(5=5) 0 o) e

T s+2 T
—[2'7.9] as + |2 (25 +3)(%+1):| As+1, (3 2> 1)7 (4.18)
T4, = 2x/§e—(s+%)asech (s+ —lz—)a - [gz : 3(% - 1)} L
+ 9%%2—)% + 1] Tagsr, (52 0), (419)
T _ ('73"1)T ('78"1)T ('Ys+1)T
fs= [———(25 — 1)] Qg-1— [——(25 — 1)] as—1— [——*-(25 n 3)] as+1 (s 22). (4.20)

The values of Tag, Tby, Zfy and Zf; are not defined by the above Eqs. (4.16)(4.20) but they
are not needed anyway since they do not affect the value of F;} given by (4.14).

Likewise, in (4.15), fa,, Eb,, £d, and £f, are quantities appearing in the value of Furis
determined by Goldman et al. [10] with #a, being determined by the infinite set of equations

(0= 10 = 1) = B 2=, - ) R
# s =5 - SRS 4y + BN Do, ) 5,
[%’5@(73 + 1) - (s + 2)('73+1 + 1)] Ras+1
_ V2e~6tda [ (25 +1) e” e
" sinha cosh(s+%)a 25— 1 +2s+3
_ (2s - 1) N (2s+3) s
(25 + 1)cosh(s — 3)ar (25 + 1) cosh(s + %)a} ICER (421)

Bg, ... ®bg, Bd, and %f, are then given in terms of Fa, by

_ 47,
sinh a cosh(s + 1)a

for Bq,,

Ry,
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+ [2((233__11)) (s ~ 1)] RC’fs—l = [27v] Ras + [2((238-:-23)) (7s + 1)] Ras+1> (s > 1),
(4.22)
Rds = 2\/5 l: s e_("_%)a — _(iillz_e_(s-F%)a]
sinh acosh(s + 1)a | (25 - 1) (2s+3)
[ e Rt R k] o, 20, 2
and
Ry _ _ 47 (s —1) [(ys+1)
s sinhacosh(s-}-%)a [(23-1)] Ras—l [(23-}-3)] Ras-H) (322)7 (4.24)

where 7, is defined as

1 —(s-He —(s+2)e
[e A Sl (4.25)

T T A 2s=1 T 2543

Again Rag, Ry, Bfy, and %f; are not defined and are not needed to determine G from
(4.15).

The quantities , K, » K, ¢ K, and y K; appearing in the results (4.14) [for the dimension-
less force F3'] and (4.15) [for the dimensionless moment of force G3] are all polynomials of
degree (N — 1) in s and are of the form

—aK, =L(ao+als+...+aN_1sN_1), (4.26)

where the value of L depends on the value of N and on whether the undisturbed flow is of
type (4.12a) or of type (4.12b). The values of ag,ay, ... are however found to depend only
on N [being the same for flow (4.12b) as for flow (4.12a)]. These values, for N < 10, have
been listed in Table 7. Using these values, the dimensionless force F;' and moment of force
G} on the sphere were calculated numerically as a function of A /a using (4.14) and (4.15). To
illustrate the results so obtained, we define a new dimensionless force _F—; in a manner similar
to (4.8) as

—_ 28

_ 27

so that F; — 1 as h* — co. F, is then related to Fj for both flow types (4.12a) and (4.12b)

— F}
= —— 4.28
27 Ncosh"Ta (4.28)
Also a new dimensionless moment of force _C_;'; (about C) is defined as
— G
i= 3 ; (4.29)
TUa-Wwes

for flow type (4.12b) where wc; is the ith component of wc, the vorticity Vx U of the
undisturbed flow evaluated at the sphere centre C. However, (4.29) cannot be used to define
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Table 7. Values of L, ag, a1 ... in(4.26) for K, 4 K,,4 K, and y K, ((see 4.14) and (4.15) for the flows (4.12a,b))
with N < 10. In the second column g, b, d, and f indicate whether the values for . K,,5 K,,a K, or  K,. Lir, and
Lot are respectively the values of L for the irrotational flow (4.12a) and the rotational flow (4.12b)

N a, b Lirr Lrot ao a (4% a3 a4 as ag a7 ag
d, f
2
3 a % — 3 -1 -3 -2
b u +& -1 -1 -1
d 2 +2 -1 -2 -2
f L +2 2 3 1
5 e = -5 -3 ~10 -10 -5 —2
b » + % -9 ~14  -16 -4 -2
d 3 +5 -3 -8 -10 -4 -2
f 2 +3 6 13 13 8 2
7 a = -E -45 —161 -—-196 -140 -70 -14 -4
20 _
b % +§“§2 —45 ~87  —109  —45 -25 -3 1
d Ly 8 —45 —138 -196 -120 -70 —-12 -4
f & +55 18 47 61 47 19 5 1
9 o & -G 315 -1188 -1636 -—1386 —798 -252 -84 -9 -2
27 _ _ _ _ _
b By tamse —1575 —3492  —4688  —2492 1498 308 112 8 2
d B +g8k 315 -1056 -—1636 —1232 —798 —224 -84 -8 -2
f oo +EEs 450 1323 1963 1713 873 327 87 12 2

G3 for flow type (4. 12a) which is an irrotational flow giving iwcl! = 0. Instead for flow type
(4.12a), we define G as

e Gs

Gy = ————. 4.30
™ GmpdUa ) @0

Thus G5 — O for flow type (4.12a) and G — 1 for flow type (4.12b) as h* — oo, G is

related to G3 by

— 2
Gy = ——o G 431
3 NcoshV—2q 3 ( )

for flow type (4.12a), and by

— 1
Gy = - G3 4,32
3 2(N —1)coshV 2 3 (4.32)

for flow type (4.12b).

The results for the dimensionless force F, and moment of force G, acting on the sphere
as a function of h* have been plotted respectively in Figs. 6a and 6b for all flows (4.12a,b)
with N < 10.

Finally, it is seen directly from Goldman et al. [10] that for the sphere translating (but not
rotating) with velocity U in the 2-direction in a quiescent fluid bounded by a free surface, the
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3 N =9 (rot)

ﬁ; J N =7 (rot)
N =5 (rot)

24 N =3 (rot)

{N=3 5§ 7 9(im)

N = 3 (rot)

N = 5 (rot)
0.7 4 N =7 (rot)
05 7 N =9 (rot)
0.3
o~
G, .
0.1
0.1 -

0.3 4 N =5 (irr)
. N =7 (im)
05 - N =9 (i)
i N =3 (ifr)
'0.7 T 1 L} T T T T L} T T T T T T
0 1.0 2.0 3.0
h.

Fig. 6. Force F; shown in (a) and moment of force 5; shown in (b) as a function of h* for ‘antisymmetric’
flows bounded by a free surface at r; = 0. The values of N are indicated with (irr) and (rof) referring to whether

the flow is irrotational (given by (4.12a)) or rotational (given by (4.12b)). Note that for the flows (4.12a), _G—; is
non-dimensionalised as in (4.30) whereas for flows (4.12b), it is non-dimensionalised as in (4.29).

dimensionless force F, on the sphere in the 2-direction (made dimensionless by 6mpall so
that F, — —1as R* — oo) is

—F—* \/i . e T T
;= —¢-sinha’}_ {s(s +1)Tb, +7d, }, (4.33)
s=0

whilst the dimensionless moment of force G on the sphere about its center in the 3-direction
(made dimensionless by 87pa2U so that 5; — 0as h* — o0) is

sinh? ¢ & _
& = v g{zs(s“) [2+¢7@eDe] T,
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+f2 - €@+ [5(s + 1)(cotha)b, — (25 + 1 — cotha)Td,]} . (4.39)

Likewise from Goldman et al. [10], for the sphere rotating about its centre (but not
translating) with angular velocity £2 in the 3-direction in a quiescent fiuid bounded by a free
surface, the dimensionless force F, on the sphere in the 2-direction (made dimensionless by
6mpa?$2 so that F — 0 as h* — co) is

Fy = ————smhzaZ{ (s +1)%b, + Rd, (4.35)

whilst the dimensionless moment of force G; on the sphere about its centre in the 3-direction
(made dimensionless by 8mpals? so that G; — —lash* - 0)is

C;; = —l 12\/_ 2{23 S+1 [2+e—(23+1)a)] R

+[2- e(—28+1> ] [5(s + D(cotha)Rp, — (25 + 1 - cotha) ", ] } .
(4.36)

4.3. ‘SYMMETRIC' FLOW BOUNDED BY A SOLID SURFACE

The undisturbed ‘symmetric’ flows (3.15 a,b) bounded by a solid surface at r; = 0 with a
general (dimensional) strength § may be written as

¥ = Sp" (sin N6 + sin(N — 2)8) where N =3,5,7... (4.37a)
and
¥ = Sp" ((N —2)sin N6 + N sin(N —2)6) where N = 4,6,8... (4.37b)

If F* = (F}, 0, 0) is the dimensional force on the sphere placed at rest (with centre at (A, 0,
0)), we define, as in §4.1, the dimensionless force F} = (F}, 0, 0) as

F

Ff=——
'™ 6muaVs

(4.38)

Then by making use of the value of Sur;; given by Brenner [6], the value of F} given by
MACSYMA is obtained as

2, bad 1
Fl* = +__\é__ SlnhN_zaZ(s + E)(CKS)CS (4.393.)
s=1
for the flows (4.37a) for which N is odd, and as
N 2 . Ny 1
Fr = +% sinh" 2oy "(s? - Z)(,,Ks)bs (4.39b)

s=1

for the flows (4.37b) for which N is even. In (4.39a,b), ¢, and b, are (apart from a dimensional
factor and sign) as given by Brenner [6], i.e.

s(s + 1)(2s + 1) sinh* &
V2 [4sinh2 ((s + $)a ~ (25 + 1) sinh? a] ’

(4.40a)
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Table 8. Values of L, ag, a1 .. . in (4.41) for . K, and , K, (see (4.39)) for the flows (4.37a, b) with N < 10. In the
second column ¢ and b indicate whether the values are for . K, or 3 K,.

N K L ao ai a2 a3 as as ag
or , K,

3 c -g 1

4 b =32 1

5 c - 3 1

6 b -2 5 1 1

7 c -5 45 26 28 4 2

8 b -9 105 38 4 4 2

9 c -5 315 243 277 69 37 3 1

10 b —$2 945 471 517 93 49 3 1

_s(s+1)sinha [ 2sinh(2s + 1)a + (25 + 1) sinh 2a (4.400)

b, = -
’ V2(2s—1) |4sinh? (s + $)a — (25 + 1)?sinh? o

The quantities (K; and ;K appearing in (4.39a,b) are polynomials in s of degree (N — 2)
and (N — 3) respectively, and are of the forms

Ky=1L (ao+als+... +aN_2sN'2),

WK, =1L (ao +as+...+ aN_3sN—3) : (4.41)

with the values of L, ag, ay, . . . for K and for , K for all cases N < 10 being listed in Table
8.

Thus for the flows (4.37a,b) with N < 10, one may obtain the dimensionless force F}* on
the sphere as a function of #/a by making use of the results (4.39), (4.40), (4.41) and Table 8.
As in §4.1, it is more convenient to use a new dimensionless force F; defined as

— F,

Fil=— 4.42
! 6mpalc (4.42)

and gap distance h* defined as in (4.9). The definition (4.42) for —F—T with Ug being the
undisturbed velocity evaluated at the sphere centre C means that FT — 1 as h* — 00. It may
readily be shown that

- Fy Fy

2(N = 1)(1 +h*)N-1 7 2(N — 1) coshV 1 o’
for the flow (4.32a) and that

3 - i
2N(N —2)(1 + B*)¥=1 7 2(N —2)cosh¥ 1o’
for the flow (4.32b).

(N=3,57...), (443a)

F| = (N =4,6,8...) (4.43b)
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at h* = 0, order of curves: N

uwnnan_,
NNOWODHLO

N
N
N
N
N
N
N

hi

Fig. 7. F} as a function of A" for ‘symmetric’ flows bounded by a solid surface at r; = 0. The flows are given by
(4.37a) when N is odd and by (4.37b) when N is even.

The results for the dimensionless force F_T acting on the sphere as a function of ~A* have
been plotted in Fig. 7 for all the flows (4.37a,b) with N <10.

Finally, it should be noted from Brenner [6] that for the sphere translating (without rotation)
with unit velocity U in the 1-direction in a quiescent fluid bounded by a solid surface, the
dimensionless force 7; on the sphere in the 1- direction (made dimensionless by 6mpall so
that F'} — —1 as h* — 00) is

F, V2 > 4 (4.44)

— L}
' 3sinha = (25 +3)
4.4, ‘ANTISYMMETRIC’ FLOW BOUNDED BY A SOLID SURFACE

The undisturbed ‘antisymmetric’ flows (3.16a,b) bounded by a solid surface at 7y = 0 with a
general (dimensional) strength S may be written as

¥ = Sp" (cos N6 + cos(N — 2)6) where N =2,4,6... (4.45a)
¥ =8p" (N —2)cos N6 + Ncos(N —2)§) where N =3,57... (4.45b)

The dimensional force F = (0, F3, 0) and moment of force G = (0, 0, G3) about C acting on a
sphere (with centre on the r; - axis) may be expressed as in §4.2 in terms of a dimensionless
force F* = (0, F3, 0) and moment of force G* = (0, 0, G3) by

N F . G

~ 6rpaN s’ - 8rpaN+t1s’ (4.46)

The values of Sury; and “ug;3 for a sphere translating or rotating in a quiescent fluid
bounded by a solid wall and obtained by O’Neill [4,18] and by Dean & O’Neill [8] may, by
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using MACSYMA (and the results of §2), be used to obtain the values of F; and G for flows
of the type (4.45a) for N even as

2 oC
F = +£ sinh™ aZ(Zs + 1){s(s + 1)(CK3)T03 + (eKs)Tes

6 3=0
+s(s ~ 1) (oK) s}, (4.47a)
* \/i W N+1 ~ R R R
Gy = +? sinh aZ(Zs + 1){8(s + 1)(cKs) s + (Ks) s + 8(s — 1)(,K,) g5}
s=0

(4.48a)
and for flows of the type (4.45b) for N odd as

+£ sinh™ afj{s(s +1)(28 + 1)(aKs) as + s(s + 1)(6K,)Tbs + (aK,)Td,s

3
I

6 s=0
+s(s = 1)(s + 1)(s + 2)(1 K,) s}, (4.47b)
G} = +¥ sinh¥*! o i{s(s +1)(25 + 1)(oKo) oy + s(s + 1) (,K4) b, + (aK)
s=0
+5(s = 1)(s + 1)(s + 2) (s Ks) s} (4.48b)

The values of . K, e K, and (K in (4.47a) and (4.48a) are polynomials in s like those shown
in (4.26) but of degrees N — 2 with L, ay, a1, ... ay—3 having the values listed in Table 9.
Also in (4.47b) and (4.48b), . K, y K, 4K, and s K, are polynomials in s like those shown in
(4.26) with . K and ;K of degree N — 3 and , K, and 4K, of degree N — 1, the coefficients
L, ag, ay, . .. being listed in Table 10.

The values of Tc,, Te,, and g, appearing in (4.47a) and Ta, , Tb, Td, and 7f, appearing
in (4.47b) are quantities appearing in the value of Sutip determined by O’Neill [4] (see also
O’Neill [18]) from which it is observed that Ta, is determined by the infinite set of equations

(3 - I)Tas—l sTas
[(25 = 1)kg—1 — (25 = 3)k,] [ 2s—-1)  (25+1)

(s+1)7as (s +2)Tasp

— [(25 + 5)ks = (25 + 3)ker1]

(2s+1) (25+3)
=2 [2coth (s + ;—) a — coth (s - %) a — coth (s + g) a} , (s=>1) (4.49)
for Tay, Ta,, Tas . .. in which
ks = (s + %) coth (s + —;—) a —cotha, (s>0). (4.50)

Tb,, Teq, Tds, Te, Tf,, and Tg,, are then given in terms of Ta,, by

Ty = (s — DTagmy — 2s + DTag + (s +2)Tagyy, (s>1), (4.51)
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Table 9. Values of the coefficients L, ag, a1 . . . (see (4.26)) for . K,, . K,, and 4 K, appearing in (4.47a) and (4.48a)
for the flow (4.45a,b) for N even (N < 10.) In the second column ¢, e, and g indicate whether the values are for
Kaye Ksor g K.

N c¢eg L ag a a as a4 as as a7 ag
2 ¢ -3 1
e —2?4 1
g 0
4 c - 3 1 1
e -3 3 2 2
g +31 2 3 1
6 c — R 45 26 28 4 2
e —3% 15 16 18 4 2
g +12 18 31 19 8 2
8 c — s 315 243 277 69 37 3 1
e —aal 5985 8094 9880 3648 2014 228 76
g +2e 90 171 137 719 27 5 1
10 ¢ —ak. 14175 13212 15768 5252 2978 428 152 8 2
e —gone 2835 4464 5796 2768 1646 320 116 8 2
g -6, 3150 6453 6073 4083 1683 477 117 12 2

Table 10. Values of the coefficients L, ag, a1 . . . (see (4.26)) for « K, K., 4K, and #, appearing in (4.47 b) and
(4.48 b) for the flow (4.45a,b) for N odd (N < 10.) In the second column a, b, d and findicate whether the values
are for o« K, 5 Ks,q Ko, 01 1 K,.

N a,bd,orf L ag ai a a3 as as ag aj ag
3 a +;—§ 1
b % 1 1 1
d £ 1 2 2
f +12 1
5 a D 3 1 1
b -2 9 14 16 4 2
d o 3 8 10 4 2
f +52 3 2 2
7 a -2 45 26 28 4 2
b -3 45 97 109 45 25 3 1
d -¥ 4 133 19 120 70 12 4
f +33% 9 0 11 2 1
9 a -8 315 243 277 69 37 3 1
b —oZ 1575 3492 4688 2492 1498 308 112 8 2
d -8 315 1056 1636 1232 798 224 8 8 2
f +22 225 324 383 120 65 6 2
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T (s — )Tas—; 7 (s +2)Tasy4
- _ Gso1 _ T2 Tetl > .
Cs 2k, l @51 as + @5 13) , (s>1), (4.52)
Td, = —%(s —1)sTas-1 + %(s +1)(s +2)Tags1, (s20), (4.53)
2 —(s+1)e —DsTa._ NT,
T — _\/2_6 12 3 (S )S as—1 _ (S + 1)(3 + ) Qs+l ’ (S Z 0), (454)
sinh(s + 3)a (2s - 1) (2s +3)
1
Ts =501 =Tasnn), (s22), (4.55)
T T
T Qg1 Qg+1
= — — >2). .

The values of Zag, Tbo, o, Tfo, 71, Tg0, and Tg; are not defined by these equations, but they
are not needed anyway since they do not affect the values of F given by (4.47a,b).

Likewise, in (4.48a,b), the quantities %a,, &, ,, &, Fes, fs and Ry, are those appearing
in the value of Su g3 determined by Dean & O’Neill [8], with Fa, being determined by the
infinite set of equations

(S - 1)R(13_ SRas
[(25 = Dks—1 — (25 — 3)ks] [ (2s — 1) - (2s+1)

(s + I)Ras (s + 2)Ras+1

— (25 +5)ks — (25 + 3)ks11]

2s+1)  (2s+3)
V2e~(+)e 2 e® e 1
“Gst Dsmha | TV @ oy T gy ) coseche 3o

—(2s = 1)cosech (s — %)a — (25 + 3)cosech (s + %)a} , (s>21) (4.57)

for Ry, Bay, Bas ... . Then Bb,, Rd, and Rfs are given in terms of %o, by the same equations as
for Tb,, Td,, and 7f, [i.e. by Egs. (4.51), (4.53) and (4.55) with Ta,, Tb,, Td, and 7f, replaced
by %, s, Fdg and %f, 1. The remaining quantities %c,, Fe, and Ry, are then

1
Re, = 4X,cosechacosech (s + E)a

i ™ (s +2)%a, 41
-2k, {—(2—5—?-1)— - as + W s ( > 1), (458)
Bey = [\/2_(23 + l)e‘(”%)“ — Ascosech a] cosech (s + —12-)a
(s —1)sfas_y  (s+ 1)(s +2)%a,p
ks [ (25 — 1) - (2.5‘ + 3) ] ’ (S Z O)a (459)

1
Ryy = —4),cosechacosech (s + =)o —

2

2s—1) (25+3)

b, [(R“"l e | 52, 460)
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where

1 [et=ba  o=(s+da
-1 - > 0). 461
MGl oy @y ¢20 (+61)

Using the results (4.49)-(4.61) and the Tables 9 and 10, the dimensionless force F and
moment of force G on the sphere were calculated numerically as a function of h/a from
(4.47a) and (4.48a) for flows of type (4.45a) for N even and from (4.47b) and (4.48b) for

flows of type (4.45b) for N odd. Again, to illustrate the results, it is more convenient to define
a new dimensionless force F, as

—_ j 28

Fo=——, 4.62
2 6mpalcn (4.62)
so that F_; — 1 as h* — o0, and a new dimensionless moment of force
— G
Gy = —— 4.63
3 4y a3 WC3, ( )

so that G — 1 as h* — co. F, and G are then respectively related to F5 and G% (given by
(4.47) and (4.48)) by

— Ey
Fo=—— 2 4.64
2 2N coshV 1 (464)
and
— G*
G,y =~ 3 4.65
3 2(N —1)coshV 2 ¢ (465)
for flows of type (4.39a) for IV even, and by
— F*
F,=— 2 4.66
27 2N(N —1)cosh¥ Tq (4.66)
and
e G}
(4.67)

Gt =—
3 2N(N —1)cosh" 2 ¢

for flows of type (4.39b) for IV odd.

The results for the dimensionless force F, and moment of force G, acting on the sphere
as a function of A* have been plotted respectively in Figs. 8a and 8b for all flows (4.45a,b)
with N < 10.

Finally, it is seen directly from O’Neill [4] that for the sphere translating (but not rotat-
ing) with velocity U in the 2-direction in a quiescent fluid bounded by a solid surface, the
dimensionless force Fz on the sphere in the 2-direction (made dimensionless by 6mpal so
that F, — —1 as i* — o) is

— 2. >
F, = —% sinh? Z{s(s + 1)7Te, +7Te,}, (4.68)
§=0
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Fig. 8. Force F; shown in (a) and moment of force @; shown in (b) as a function of A* for ‘antisymmetric’ flows
bounded by a solid surface of r; = 0. The flows are given by (4.45a) for N even and by (4.45b) for N odd. Note: In
Figure 8a, values for N = 6 are greater than those for N=3 for * > 0.5.

whilst the dimensionless moment of force G on the sphere about its centre in the 3-direction
(made dimensionless by 8mua?U so that G3 — 0 as hx — c0) is

Gy = sinh” & Z{[2+e(2"+1)°‘] [s(s+1)(2(Ta )+cotha(Tc ))—(23+1—cotha)Te ]
3 = 12\/— s ] ]
+ [2—e“(23+1)a] [s(s+1) coth ar("bs) — (25+ 1 - coth a)Tds] . (4.69)

Also, from Dean & O’Neill [8], we see that for the sphere rotating about its centre (but
not translating) with angular velocity £2 in the 3-direction, the dimensionless force ', on the
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sphere in the 2-direction (made dimensionless by 67 ;a2(2 so that F, — 0 as b* — o) is

= V2 7 R R
F, = o sinh aZ{s(s +1)%s + Tes}, (4.70)
s=0

whilst the dimensionless moment of force G on the sphere about its centre in the 3-direction
(made dimensionless by 8mua3f2 so that G3 — —1 as #* — 00) is

- 1 sinh’o &
Gy = —§+§%\/—;§)[2+6_(2’H)a] [s(s+1)(2(Ras)+cotha(Rcs))—(23+l—cotha)Res]
+[2—-e_(2’+1)°‘] [(s+1)(coth0) B, — (25+1—coth ), | (4.71)

5. Exact motion of a solid sphere

We consider now the solid sphere freely moving with zero external force and moment of
force (about its centre) acting on it in a fluid occupying the region 7; > 0 and bounded by a
undeformable free surface at | = 0. It is assumed that the fluid undergoes a two dimensional
undisturbed flow U which is a linear combination of the flows (4.3a,b) and (4.12a,b) considered
in sections 4.1 and 4.2 with N < 10. Its streamfunction ¢ is thus of the form

10 10 9
¥ = Y AnpNsinNO+ > Byp"sin(N -2)0+ Y Cyp" cosN6

N=2 N=4 N=3
Neven N even N
9
+ Z Dy p" cos(N — 2)6, G0
N ot

where Ay, By, Cn and Dy are constants. In terms of the Cartesian coordinates 7, v this
streamfunction may be written as the double sum

P=33 amnr'ry (5.2)
(:+n % 10)

in which, of course, the a,,,, are not independent.
If at any instant of time ¢ the sphere centre is at position (], r;) we define a new set of
coordinates 71,7, with origin at O* as shown in Fig. 9 so that

TI=7T, T2=T2— 7‘;. (5.3)
Substituting this in (5.2) we see that in terms 7y, 7,
V=3 bmary. (5.4)
(:+n % 10)

Since this flow must satisfy the creeping flow equations with the free surface boundary
conditions on 7 = 0, this value of ¢ must be a linear combination of flows (4.3a,b) and
(4.12a,b) with origin at O* [i.e. with p, 6 replaced by 7, 8, the polar coordinates with origin
at O* (see Fig. 9)]. Since the problem of the calculation of the force and moment of force on
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Fig. 9. Definition of 77, 77 coordinates.

the sphere at rest in this flow is linear, the results of sections 4.1 and 4.2 with s = r] may be
used to calculate the force F = (F, F3, 0) and moment of force G = (0, 0, G'3) on the sphere
at rest in the flow. Then by further use of linearity (see for example Happel & Brenner [3]
§8.5), we are assured that at its position at time £, the sphere, when freely allowed to move,
has a velocity V = (V}, V3, 0) and angular velocity £2 = (0, 0, {23) determined by the total
hydrodynamic force and moment of force (about its centre) being zero, i.e. by

Fi+ oV =0, (5.5a)
Fy + BpVa + Bls =0, (5.5b)
G3 + (32 V2 + B33d3 = 0, (5.5¢)

where the resistance coefficients o, 522, $23 = P32 and (33 are calculated using (4.11 ) and
(4.33)—(4.36). The velocity components of the sphere are thus obtained [V;] from (5.5a) and
V2 from (5.5b) and (5.5¢)] for the known sphere position (r],73) at the time £o. From this,
one may calculate the position of the sphere at a slightly later time 7o + At. By repeating this
procedure one may calculate numerically the orbit of the sphere centre for a freely moving
sphere in the given flow (5.1).

In a similar manner, one may calculate also the orbit of a sphere freely moving in a given
undisturbed two dimensional flow in the region r; > 0 bounded by a solid wall at ; = 0.
In such a case the undisturbed flow would have a streamfunction which would be a linear
combination of those given by (4.37 a,b) and (4.45 a,b), and the calculation would require the
use of the results of the sections 4.3 and 4.4.

5.1. AN EXAMPLE

As an example of the calculation just described of the motion of a solid sphere, we consider
such a sphere freely moving (with zero force and moment of force about its centre) in a fluid
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Fig. 10. Streamlines of vortex flow with undeformable free surface at ry = 0. For streamfunction (5.7) the flow is
anticlockwise in the right hand vortex (in r; > 0), whilst for the streamfunction (6.2) it is clockwise.

occupying the region 71 > 0 which is undergoing a prescribed two dimensional undisturbed
velocity field U and is bounded by an undeformable free surface at 7= 0. For this prescribed
undisturbed flow we choose one which is a particular linear combination of a flow of type
(4.32) with N = 2 and a flow of type (4.3b) with N = 4, namely we take U to be a flow with
streamfunction ¥ (1, T2) given by

P = %pz(p2 —1)sin26 (5.6)

in terms of plane polar coordinates (p, §) with an origin O on the boundary r; = 0 (see Fig. 2).
This expression for 9 can be considered as being dimensionless with 1) and p having been
made non-dimensional by a characteristic velocity U* and length L*. In terms of Cartesian
coordinates 1, 72 (with origin at O) the stream function 9 is

Y =173 + iy =117y, .7)
giving the undisturbed velocity U = (U}, U,) as

U = 37'17'% + r? -7, (5.8)

U; = —r% - 37‘%7‘2 + 75.

This flow, shown in Fig. 10, is symmetric about r, =0 and consists of a pair of counter-rotating
vortices which are bounded by the boundary, the symmetry axis r; = 0 and the semicircle p =
1 of unit radius (or of dimensional radius L*). The centres of each of the vortices where U= 0
are at (%, :I:%)

In the manner previously described (see §5), the orbits of the centre of a freely moving
solid sphere in this flow have been calculated numerically for various values of a/L*, the
ratio of sphere radius to vortex size. These results (for a/L* = 0.2, 0.25, 0.3 and 0.35) are
shown in Fig. 11a-11d. It is observed that for small a/L* the sphere centre, whilst almost
following the undisturbed flow, slowly spirals into a point very close to the vortex centre (at
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position ( %, :t%) in dimensionless variables). As a/L* is increased, the spiral motion is more
rapid (with the sphere centre moving inwards a greater distance for each revolution around
the vortex) and spirals into a point which moves away from the vortex centre somewhat.
However, if a/L* is increased beyond a value of about 0.4, there is no spiral motion with the
sphere centre moving on an open orbit. In fact the sphere is then so large compared with the
vortex that in its general behaviour it no longer recognizes the existence of the vortex.

6. Discussion of results

In §§2 — 4 it was shown how one may calculate at zero Reynolds number the force and
moment of force on a solid sphere placed at rest in a flowing viscous fluid (with velocity
U and streamfunction ) occupying a semi-infinite region bounded at r; = O by either an
undeformable free surface (with undisturbed flow which is a linear combination of (4.3a),
(4.3b), (4.12a) and (4.12b) with N < 10) or a solid surface (with undisturbed flow which is a
linear combination of (4.37a), (4.37b), (4.45a) and (4.45b) with N < 10).

These results were then used in §5 to obtain the orbit of a freely moving sphere in a fluid
bounded by an undeformable free surface at r; = 0 in which the undisturbed velocity field U
is chosen to be that due to the (dimensionless) streamfunction

P = rlr% + 'r?rz - TI72. (6.1)

This was done for several values of a/L*, the ratio of the sphere radius a to vortex size L*.
It was observed that whereas the undisturbed flow has a single bounded anticlockwise vortex
(in the region r; > 0) in which all streamlines are closed (see Fig. 10), the motion of the
sphere centre is such that after entering the vortex it spirals around the vortex, moving across
streamlines until it ends up at a point Q close to (but not exactly at) the vortex centre P where
the undisturbed flow velocity is zero (see Figs. 11a—11d). This migration of the sphere across
streamlines is very slow when a/L* is small but the process speeds up as a/L* is increased.
No spiral motion occurs with a/L* larger than about 0.4.

Since the problem of finding the sphere velocity is linear, it follows that if the undisturbed
flow velocity U is everywhere reversed so that it represents a bounded clockwise vortex (in
the region 7 > Q) with

Y= —rlrg - 'r?'rz + 717 6.2)

then the sphere motion is exactly reversed and hence moves along the paths shown in Figs. 1 1a—
11d but in the reverse direction. Under such a situation a sphere placed in the vortex will spiral
around the vortex, moving outwards away from the vortex centre until it eventually leaves the
vortex by moving in the r; - direction whilst almost being in contact with the free surface 7,
=0.

If instead of a single spherical particle in the undisturbed flow, one has a dilute suspension
of such spheres (with a/L* small but non-zero) with a concentration so low that hydrody-
namic sphere-sphere interactions may be ignored, then for the flow (6.1) the particles would
concentrate in the vortex, with the concentrate becoming larger and larger at the point Q as
time proceeds. In fact at steady state the concentration at Q would be infinite. In the real
situation however, sphere-sphere interactions must become important in the neighbourhood
of Q at some stage. For the reverse flow (6.2), particles initially in the vortex would slowly
spiral out of the vortex, leaving a region (which would be approximately the vortex region
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Fig. 11a-b. Path of sphere centre in the vortex flow with the free surface present at ) = 0. The values of a/L" are
respectively 0.2, 0.25, 0.3 and 0.35 in the figures 11a, b, ¢ and d. For the undisturbed flow (5.7), the sphere moves
into the vortex and spirals inwards in an anticlockwise manner. For the undisturbed flow (6.2), this sphere motion
is reversed.
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itself for small a/L*) which would become devoid of spheres, so that for all future times the
concentration would be zero there.

It should be noted that in a dilute suspension of spheres (in which sphere-sphere interactions
are neglected) if the sphere velocity is V at any position in the undisturbed flow U then the
sphere concentration c satisfies the steady state the continuity equation

V-V(loge) = —V-V. (6.3)

In the limit of zero particle size (i.e. as a/L* — 0) the particle velocity V will approach
U, the undisturbed fluid velocity, and since V- U = 0 it follows that the particle concentration
¢ given at steady state by (6.3) will now satisfy

U-Ve =0, (6.4)

so that there is a steady state solution in which ¢ is constant everywhere, there being no
tendency for the particles to concentrate in any particular region (or to leave any particular
region) of the flow.

For non-zero a/L*, if one has an undisturbed fluid flow U in an unbounded region (with no
boundaries present) then the velocity V of the centre of a freely moving sphere is determined
by Faxén'’s laws (see (1.1)) by equating the dimensionless force F~ on the sphere to zero to
give

0=F'=Ulc-V+ é(a/L*)z(VzUﬂc (6.5)
or
V =Ule + (a/LNAVV)le, (6.6)

where I¢ indicates evaluation at the sphere centre. Regarding the sphere velocity V as a
function of position we observe from (6.5) that

VvV =0, 6.7)
so that the Eq. (6.3) for the sphere concentration ¢ reduces to
V-Ve=0. (6.8)

Thus again there is a steady state solution for which the concentration c is a constant every-
where, there being no tendency for the particles to accumulate in any region (or to leave any
region) of the flow. It may also be readily shown from (6.5) that the paths of individual sphere
centres for the two dimensional undisturbed flow considered in §3 are lines given by

Y+ é(a/L*)zvzw = constant (6.9)

for which the spiral motion towards or away from a point Q is impossible (since the stream-
function % is not singular within the region occupied by the fluid). However note that whilst
there is, for a suspension undergoing an unbounded flow, no tendency for the spheres to
accumulate in (or to leave) any region of the flow, the motion of any particular sphere (given
by (6.8)) is not the same as that of the undisturbed motion of the fluid (with streamlines
1) = constant) so that in general the sphere does move locally across streamlines.



212 R.G.Cox

Also, even for an undisturbed two-dimensional vortex flow of a fluid bounded at 7, = 0 by
an undeformable free surface (or by a solid wall), a freely moving solid sphere with non-zero
a/L* will not have the spiral orbits shown in Fig. 11 (or tend to concentrate at a point Q) if
the vortex has fore-aft mirror symmetry in the r; direction, this following directly from the
symmetry and the linearity of the problem.

Thus, at zero Reynolds number, for freely moving solid spherical particles to concentrate
within a vortex (or to leave a vortex) as in §5, it is necessary that (i) the spherical particles
have non-zero size and that (ii) there is a boundary such as a free surface or solid wall present.
Also for the situation in which one has a two-dimensional undisturbed flow in the region
r1 > 0 bounded by a free surface or solid wall at r; = 0, the vortex should not possess mirror
symmetry in the r; direction.

This predicted phenomenon, of the effect of (free surface or solid) boundaries on the motion
of solid spherical particles in a prescribed undisturbed flow at zero Reynolds number causing
the particles to move across streamlines and resulting in certain regions of the flow increasing
(or decreasing) their concentration of particles, has been observed experimentally in a number
of different situations. For example, Forgacs et al. [19] and Kamis et al. [20] experimentally
examined what is known as the ‘meniscus effect’, in which particles suspended in a liquid
flowing along a capillary tube behind an advancing meniscus tend to concentrate in a region
immediately behind the meniscus. This effect is rather similar to that discussed above but
with a more complicated system of boundaries present. Also it has been observed by Karino
& Goldsmith [21] that when blood flows from a narrow into a wider radius capillary tube,
the red blood cells move out of the vortex in the flow behind the tube expansion, leaving the
vortex devoid of red blood cells. This may occur as a result of boundary effects similar to
that discussed in this paper, but it is probable that the deformability of the red cells plays a
role in this phenomenon (see Chaffey et al. [22] ). Recently Gu [23] has reported observing
experimentally the spiral motion of solid spherical particles into and out of an asymmetric
vortex in a two dimensional flow bounded by a plane solid wall. This situation is essentially
the same as that considered in §5 except that the planar boundary is solid rather than being an
undeformable free surface.
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